Abstract. We make a complete list of all possible ADE-types of singular fibers of complex elliptic K3 surfaces and the torsion parts of their MordellWeil groups.
Introduction
By virtue of Torelli theorem for the period map on the moduli of complex K3 surfaces ( [4] , [13] , [18] ), we can study many aspects of K3 surfaces from the latticetheoretic point of view. In this paper, we determine all possible ADE-types of singular fibers of elliptic K3 surfaces using Nikulin's theory of discriminant forms of even integral lattices. We also determine, for each ADE-type of singular fibers, all possible torsion parts of the Mordell-Weil groups. Throughout this paper, we use the term "an elliptic K3 surface" for "a complex elliptic K3 surface with a distinguished zero section" and the term "an elliptic fibration" for "a complex Jacobian elliptic fibration".
A finite formal sum of the symbols A l (l ≥ 1), D m (m ≥ 4) and E n (n = 6, 7, 8) with non-negative integer coefficients is called an ADE-type. For an ADE-type
we denote by L(Σ) − the negative-definite root lattice generated by a root system of type Σ, and by rank Σ the rank of L (Σ) − . By definition, we have rank Σ = ∑ a l l + ∑ d m m + ∑ e n n.
Let f : X → P 1 be an elliptic K3 surface, and O : P 1 → X the zero section of f . Let M W f be the Mordell-Weil group of f . The torsion part of M W f is a finite abelian group, which we shall denote by G f . We put
and, for each p ∈ R f , we denote by f −1 (p) the union of irreducible components of f −1 (p) that are disjoint from the zero section. It is known that the cohomology classes of irreducible components of f −1 (p) span a negative-definite root lattice generated by an indecomposable root system of type A l , D m or E n . Let τ f,p be the type. The type of singular fiber f −1 (p) in the list of Kodaira's classification [7] is related to τ f,p in an almost one-to-one way (cf. The Néron-Severi lattice NS X of X contains the sublattice S f generated by the cohomology classes of the irreducible components of ∪ p∈R f f −1 (p) , which is isomorphic to L(Σ f ) − .
Through computer-aided calculation, we have made the complete list of pairs (Σ, G) of an ADE-type Σ and a finite abelian group G that can be realized as the data (Σ f , G f ) of an elliptic K3 surface f : X → P
1 . This list P consists of 3693 pairs. In this paper, we present the list P, deduce some geometric facts from it, and explain the algorithm for obtaining it.
The list P is too large to be included here in a naive way. Therefore we describe P by giving a subset S of P and a set of transformation rules of ADE-types that generate P from S (cf. § 2). The reader can obtain P easily using this description. The program for making P was written by Maple V. The author would like to thank Waterloo Maple Incorporation for developing the nice software. The author also would like to thank the referee for suggesting some improvements on the first version of the paper.
Main results
All results in this section are obtained simply by looking at the list P. For a group G in (2.1), we denote by P G the set of all ADE-types Σ such that there exists an elliptic K3 surface f : X → P 1 with Σ f = Σ and G f ∼ = G. The cardinalities of P G are given in For a positive integer r, let P G r be the subset of P G that consists of Σ ∈ P G with rank Σ = r. Let f : X → P 1 be an elliptic K3 surface. Since the Néron-Severi lattice NS X of X is the orthogonal direct sum of
− and the lattice of rank 2 generated by the cohomology classes of the zero section and a general fiber, and since the Néron-Severi rank of X is at most 20, we always have
Hence P G r is empty for r > 18.
ADE-types of singular fibers.
Next we describe the list P G for each abelian group G in (2.1). We carry out this task by three different methods according to the size of P G .
Case 1. G ∈ {[1]
, [2] , [3] , [4] , [2, 2] } . We describe P G by giving a subset S G ⊂ P G and a set of transformation rules on ADE-types that generate the whole P G from the subset S G . Let Γ(Σ) be the Dynkin graph of the ADE-type Σ. If we remove a vertex P of Γ(Σ) and the edges emitting from P , we obtain the Dynkin graph Γ(Σ ) of another ADE-type Σ with rank Σ = rank Σ − 1. In this case, we say that Σ is obtained from Σ by deleting a vertex. In other words, an ADE-type Σ is obtained from Σ by deleting a vertex if and only if Σ is obtained by applying to Σ one of the substitutions listed in Table 2 .2. In this Table, we understand that A 0 := 0. 
Definition 2.2. When we can obtain an ADE-type Σ from an ADE-type Σ by applying substitutions in Table 2 .2 several times, we say that Σ is obtained from Σ by elementary transformation.
Theorem 2.3. (1)
The list P (2) An ADE-type Σ with r := rank Σ < 18 is a member of P [1] r if and only if Σ is obtained from a member of P [1] 18 by elementary transformation.
Theorem 2.4. (1)
The list P [2] [2] . [3] .
with l mod 3 = 2 , l 1 mod 3 = 2, l 2 mod 3 = 2, [4] .
with l mod 4 = 3 , l 1 mod 4 = 3, l 2 mod 4 = 3,
with m odd and > 6. (2) Let S [2] be the union of P [2] 18 and the following list.
Then an ADE-type Σ is a member of P [2] if and only if Σ is a member of S [2] or obtained from a member of S [2] by applying substitutions listed in Table 2 .2 but not in Table 2 .3.
Theorem 2.5. (1)
The list P [3] 18 consists of 19 elements listed below.
(2) Let S [3] be P [3] 18 . Then an ADE-type Σ is a member of P [3] if and only if Σ is a member of S [3] or obtained from a member of S [3] by applying substitutions listed in Table 2 [4] 18 consists of 11 elements listed below.
(2) Let S [4] be the union of P [4] 18 and the following list.
Then an ADE-type Σ is a member of P [4] if and only if Σ is a member of S [4] or obtained from a member of S [4] by applying substitutions listed in consists of 11 elements listed below.
(2) Let S [2, 2] be the union of P [2,2] 18 and the list
Then an ADE-type Σ is a member of P [2, 2] if and only if Σ is a member of S [2, 2] or obtained from a member of S [2, 2] by applying substitutions listed in Table 2 .2 but not in Table 2 .6.
By these theorems, we can easily generate the complete list P G for G = [1] , [2] , [3] , [4] , [2, 2] . Table 2 .7 shows the cardinalities of P G r . Case 2. G ∈ { [5] , [6] , [4, 2] }. We simply give the table of P G . In each box, the ADE-types are listed according to the rank and the lexicographical order.
G = [5]:
Case 3. G ∈ { [7] , [8] , [6, 2] , [3, 3] , [4, 4] }. In this case, the ADE-type determines the torsion of the Mordell-Weil group uniquely. Theorem 2.8. Let f : X → P 1 be an elliptic K3 surface. Then the following hold.
•
Remark 2.9. Elliptic K3 surfaces with G f = [7] , [8] , [6, 2] , [4, 4] are constructed as elliptic modular surfaces (cf. [17, 14] ). The corresponding congruence groups Γ ⊂ SL 2 (Z) are as follows. (4) 2.3. From ADE-types to configurations of singular fibers. The correspondence between the type (in the notation of Kodaira) of a singular fiber of an elliptic fibration and an ADE-type is shown in Table 2 .8. There are following ambiguities in recovering the configurations of singular fibers from its ADE-type.
• An irreducible singular fiber is of type either I 1 or II.
• A singular fiber of ADE-type A 1 is of type either I 2 or III.
• A singular fiber of ADE-type A 2 is of type either I 3 or IV. We present some restrictions on the possibilities of configuration of singular fibers of an elliptic K3 surface f : X → P 1 with a given ADE-type.
Let i b be the number of singular fibers of f of type I b . We define similarly i *
Miranda and Persson gave a formula for the degree of the modulus function J f :
By the Hurwitz formula, they obtained the following necessary condition for con-
See [9, §3] for the proof.
The euler number 24 of the K3 surface X is equal to the sum of euler numbers of singular fibers of f . The third column of Table 2 .8 shows the euler number of a 
III * singular fiber of each type. We define the euler number euler(Σ) of an ADE-type
Then euler(Σ f ) is less than or equal to the sum of euler numbers of reducible singular fibers. Hence we always have
We can deduce from Table 2 .8, for example, that, if euler(Σ f ) = 24, thenf : X → P 1 has no irreducible fibers nor fibers of type III or IV.
When G f is non-trivial, certain types of singular fibers cannot appear. Let g : S → ∆ be an elliptic fibration over an open unit disk ∆ such that g is smooth over ∆ × := ∆ \ {0}, and let E := g −1 (p) be the fiber over a point p ∈ ∆ × . Looking at the monodromy action of π 1 (∆ × , p) on the set of torsion points of E, we can determine whether a finite abelian group can be embedded into the Mordell-Weil group of g. The fourth column of Table 2 .8 shows the groups among the list (2.1) that can be isomorphic to the torsion part of the Mordell-Weil group of an elliptic surface having the singular fiber. We see, for example, that, if G f is non-trivial, then every irreducible singular fiber must be of type I 1 . R r := { Σ ; Σ is an ADE-type with rank(Σ) = r }, E r := { Σ ∈ R r ; euler(Σ) ≤ 24 }, and
r=1 P r , we denote by G(Σ) the set of isomorphism classes of finite abelian groups G such that (Σ, G) ∈ P. For each r, we denote by T r the set of Σ ∈ P r such that G(Σ) consists of only the trivial group [1] . The cardinalities of these sets are given in 
Remark 2.13. The complement P 11 \ P [1] 11 consists of a single element 11A 1 . We
Remark 2.15. The complement P [1] 8 \ T 8 consists of a single element 8A 1 , and the complement P [1] 9 \ T 9 consists of two elements 9A 1 and A 3 + 6A 1 . We have
Remark 2.16. There are several ADE-types Σ with |G(Σ)| ≥ 3. For example,
Local invariants of lattices
First we fix some terminologies about lattices.
Let R be either Z or Z p . A lattice over R is, by definition, a free R-module L of finite rank equipped with a non-degenerate symmetric bilinear form ( , ) : L×L → R. For α ∈ R \ {0}, let αL denote the lattice obtained from L by multiplying the symmetric bilinear form by α. We will denote L − for (−1) L. We often express a lattice by the intersection matrix with respect to a certain basis of L. For example, (a) is the lattice of rank 1 generated by a vector e such that (e, e)
2 . We denote the element u by reddisc(L) and call it the reduced discriminant of L. 
where m is the number of orthogonal direct summands p νi (a i ) such that ν i is odd and that a i is not square in Z × p . It is known that the p-excess is a well-defined invariant of Q p -equivalence classes of lattices over Z p .
Suppose that p = 2. We put
both of which are even unimodular lattices of rank 2 over Z 2 . Then a lattice over Z 2 is decomposed into the orthogonal direct sum of lattices such that each direct summand is isomorphic to 2
We define the 2-excesses of these lattices by Then we define the 2-excess of
to be the sum of the 2-excesses of direct summands in the decomposition (3.1).
Even though the decomposition (3.1) is not unique in general, it turns out that the 2-excess is a well-defined invariant of Q 2 -equivalence classes of lattices over Z 2 .
(Note that U and V are Q 2 -equivalent to 2(1) ⊕ 2(7) and 2(1) ⊕ 2(3), respectively.) 
2 for each p, and 
4.2. Discriminant forms and overlattices. The following two propositions, due to Nikulin, play a central role in making the list P. 
L (H) is an even overlattice of L, and the discriminant form of M is isomorphic to (H
⊥ /H, q L | H ⊥ /H ). (2) The map H → Ψ −1
L (H) establishes a bijection between the set of totally isotropic subgroups of (D L
L . By the definition of the discriminant form, we can easily prove the following:
The discriminant form of an even lattice Λ over Z p is calculated by Table 4.1. In particular, D Λ is a p-group of length equal to rank(Λ) − rank(Λ 0 ), where Λ 0 is the first Jordan component of Λ. We also have disc(Λ) = |D Λ | · reddisc(Λ).
5.
Existence of even lattices with a given discriminant form 5.1. Over Z p . Suppose that a finite abelian p-group D and a non-degenerate finite quadratic form q : D → Q p /2 Z p are given. It is known that, if n ≥ length(D), then there exists an even lattice Λ of rank n over Z p such that (D Λ , q Λ ) is isomorphic to (D, q). The purpose of this subsection is to describe a method to determine the set 
Taking these into account, for sets L and L of elements of
2 , we define L * L to be the set
We also put L
Lemma 5.1. Let l be the length of D. Then we have
where v p is the unique non-trivial element of (
1) Suppose that p is an odd prime, and let v p be the unique non-trivial element of Z
2 . Let u be an integer prime to p. We put
(2) Suppose that p = 2 and a is an odd integer. Then we have 
Let u, v and w be integers with v being odd. Then
Then u is prime to p, and hence there is an integer v such that uv = 1 mod p ν1 holds. Since ((x, e)) ≥ ν 1 = ord p ((e, e) ), the vector
is in Λ and orthogonal to Λ 1 . Hence we obtain an orthogonal decomposition Λ =
is calculated by Lemma 5.2 and the induction hypothesis on l.
Case 2.1. Suppose that p is odd. We replace γ 1 by γ 1 := γ 1 + γ k , which is an element of order p ν1 . It is obvious that {γ 1 , γ 2 , . . . , γ l } is again a reduced set of generators of D. Moreover we have φ p (b[q](γ 1 , γ 1 )) = ν 1 . Therefore we are led to Case 1.
Case 2.2. Suppose that p = 2. We replace γ 2 by γ k . There exist integers u, v and w with v being odd such that
hold modulo Z 2 . Note that q(γ 1 ) = 2ũ/2 ν1 and q(γ 2 ) = 2w/2 ν1 hold modulo 2 Z 2 for some integersũ andw with u =ũ mod 2 ν1−1 and w =w mod 2 ν1−1 . 
) .
Then β j1 and β j2 are divisible by 2 ν1−νj . Hence γ j := γ j − β j1 γ 1 − β j2 γ 2 is an element of order 2 νj , which is independent of the choice of the integers. The set {γ 1 , γ 2 , γ 3 , . . . , γ l } is again a reduced set of generators of D, and the two subgroups γ 1 , γ 2 and γ 3 , . . . , γ l of D are orthogonal with respect to q. Therefore, putting
Let Λ be an even lattice of rank l over Z 2 such that there exists an isomorphism e 1 ) ) ≥ ν 1 and ord 2 ((x, e 2 )) ≥ ν 1 hold for any vector x ∈ Λ, we have ((x, e 1 ), (x, e 2 ))·M
2 . Therefore Λ is decomposed into the orthogonal direct sum of Λ 1 and Λ
Thus L (2) (l, D, q) is calculated by Lemma 5.2 and the induction hypothesis on l.
5.2.
Over Z. Let D be a finite abelian group, and q : D → Q/2 Z a non-degenerate finite quadratic form. Let (r, s) be a pair of non-negative integers such that n := r + s > 0. We will describe a criterion to determine whether there exists an even lattice L over Z with signature (r, s) such that (D L , q L ) is isomorphic to the given finite quadratic form (D, q). ( ) For each p ∈ P , there exists an even lattice Λ (p) of rank n over Z p such that
and they satisfy
We put
Therefore we can check the claim ( ) by the following method. First we calculate
for each p ∈ P and r − s + ∑ σ p = n mod 8. The claim ( ) is true if and only if we find such an element.
Roots
For the following, we refer to [3] , [6, Chapter 4] or [12] . 6.1. Root system of a positive-definite even lattice over Z. Let L be a positive-definite even lattice over Z. A vector of L is said to be a root if its norm is 2. We denote by L root the sublattice of L generated by roots. The lattice L is said to be a root lattice if L = L root holds. Let Roots(L) be the set of roots of L. We define ∼ to be the finest equivalence relation on Roots(L) that satisfies 
be the type of the Dynkin diagram of the intersection matrix of L i . We define the root type of L to be ∑ k i=1 τ i . Conversely, for an ADE-type Σ, there exists a root lattice L(Σ), unique up to isomorphism, whose root type is Σ.
The root type of a positive-definite even lattice L over Z is therefore determined by the following procedure.
(1) Create the list Roots(L), and decompose it into
Determine the type τ i from rank(L i ) and |I i | by using Table 6 .1. 
Discriminant forms of root lattices. The discriminant form (D
Let Γ(τ ) denote the image of the natural homomorphism from the orthogonal
The structure of Γ(τ ) is given as follows.
• If τ = A 1 or τ = E 7 , then Γ(τ ) is trivial.
• 
Proof. Suppose that a pair (Σ, G) satisfies the condition of Theorem. By Proposition 4.2, the property (ii) implies that there exists an even unimodular overlattice K of M − ⊕ N into which M − and N are primitively embedded. Let H denote the hyperbolic lattice;
Then K := K ⊕ H is an even unimodular lattice with signature (3, 19) . Hence K is isomorphic to the K3 lattice L(2E 8 ) − ⊕ H ⊕2 by Milnor's structure theorem (cf. [15] ). There exists a 2-dimensional linear subspace V of N ⊗ Z R such that the bilinear form is positive-definite on V and that, if N ⊂ N is a sublattice such that N ⊗ Z R contains V , then N coincides with N . By the surjectivity of the period map on the moduli of K3 surfaces, there exists a complex K3 surface X and an isomorphism α :
holds, where α R := α ⊗ Z R. Then we have
By Kondo's lemma [8, Lemma 2.1], there exists a structure of the elliptic fibration f : X → P 1 with a section O : P 1 → X such that, if F denotes the cohomology class of a general fiber of f , then
holds, where Z[F ] ⊥ is the orthogonal complement of Z[F ] in the Néron-Severi lattice NS X of X. Let H f be the sublattice of NS X spanned by the cohomology classes of the zero section and a general fiber of f , S f the sublattice of NS X defined in § 1, and W f the orthogonal complement of H f in NS X . The lattice H f is isomorphic to the hyperbolic lattice H, and is orthogonal to S f . By abuse of notation, we denote (W f ) root for the sublattice of W f generated by the vectors of norm −2. From (7.2), we have
On the other hand, by Nishiyama's lemma [12, Lemma 6 .1], we have
Combining these with the properties (i) and (iii) of M and the isomorphism (7.3),
Conversely, suppose that there exists an elliptic K3 surface f : X → P 1 with Σ f = Σ and G f ∼ = G. Using Nishiyama's lemma again, we see that the primitive closure
− is an even overlattice of L(Σ) that possess the properties (i) and (iii). Moreover, S f ⊕ H f is primitive in the even unimodular lattice H 2 (X; Z), and hence Proposition 4.2 implies that the orthogonal complement
. Because the signature of N f is (2, 18 − rank(Σ)), the even overlattice M has the property (ii).
Making the list
Recall that, in order for an ADE-type Σ to be an ADE-type of an elliptic K3 surface, it is necessary that rank(Σ) ≤ 18 and euler(Σ) ≤ 24. It is obvious that the torsion part of the Mordell-Weil group of an elliptic surface is of length ≤ 2. Step 1. We calculate the discriminant form (D L(Σ) , q L(Σ) ) using 
acts on (D L(Σ) , q L(Σ) ). Here, for example, the full symmetric group S a l acts on D L(Σ) as the permutation group on the a l components of D L(Σ) isomorphic to D L(A l ) . We denote this group by Γ(Σ).
Step 2. We make a Next we make the list G Σ of all pairs [v i ,w j ] ofv i ∈ V Σ andw j ∈ W Σ,i . Then every totally isotropic subgroup of (D L(Σ) , q L(Σ) ) with length ≤ 2 is conjugate under the action of Γ(Σ) to a subgroup v i ,w j generated byv i andw j for some [v i ,w j ] ∈ G Σ . Of course, there are several different pairs that generate a same subgroup. We remove this redundancy from G Σ , and make a list G Σ .
Step 3 Step 3.1. By the algorithm described in § 5, we determine whether there exists an even lattice N over Z of signature (2, 18 − rank(Σ)) such that (D N , q N ) ∼ = (D G , q G ) . If the answer is affirmative, we go to the next step.
Step 3. By Theorem 7.1, the list P thus made is the complete list of the data of elliptic K3 surfaces.
The following remarks are useful in checking the program. Remark 8.3. For each (Σ, G) ∈ P, there should be at least one configuration that satisfies the conditions given in § 2.3.
